For an infinite dimensional Lie group G modelled on a locally convex Lie algebra g, we prove that every smooth projective unitary representation of G corresponds to a smooth linear unitary representation of a Lie group extension G ♯ of G. (The main point is the smooth structure on G ♯ .) For infinite dimensional Lie groups G which are 1-connected, regular, and modelled on a barrelled Lie algebra g, we characterize the unitary g-representations which integrate to G. Combining these results, we give a precise formulation of the correspondence between smooth projective unitary representations of G, smooth linear unitary representations of G ♯ , and the appropriate unitary representations of its Lie algebra g ♯ .
Introduction
The state space of a quantum mechanical system is described by the projective space P(H) of a Hilbert space H. If a topological group G is a symmetry group of this system, then, if G is connected, we have a homomorphism ρ : G → PU(H) into the projective unitary group of H, i.e., a projective unitary representation of G. The natural continuity requirement for a projective representation is that all its orbit maps are continuous. This is equivalent to continuity of the action of G on P(H), and to continuity of ρ with respect to the quotient topology on PU(H) ∼ = U(H) s /T1, where U(H) s denotes the unitary group endowed with the strong operator topology ( [Ri79] , [Ne14] ). Since U(H) s is a central topological T-extension of PU(H), we can always pull this extension back to G to obtain a central T-extension G ♯ of G in the topological category, and a continuous unitary representation π : G ♯ → G lifting the projective representation π. In this context, the classification of projective unitary representations of G breaks up into two parts: determining the group Ext top (G, T) of all topological central Textensions G ♯ of G, and classifying the unitary representations of the individual central extensions G ♯ . This strategy works particularly well if G is a finite dimensional Lie group, because then G ♯ always carries a natural Lie group structure ( [Ba54, Va85] ). On the Lie algebra level, it now suffices to study (infinitesimally) unitary representations on pre-Hilbert spaces and to develop criteria for their integrability to groups; see [Nel69] for some of the most powerful criteria in this context.
In this paper, we want to address these issues in a systematic way for infinite dimensional Lie groups, more precisely, for Lie groups G modelled on a locally convex topological vector space. Because the topological group U(H) s does not carry a Lie group structure, one traditionally deals with these groups simply as topological groups, using the exponential function exp : g → G only as a means to parametrise one-parameter subgroups of G (cf. [Wa98] , [Lo94] , [Se81] ). By Stone's Theorem, one-parameter subgroups of U(H) s correspond to skewadjoint, possibly unbounded operators on H, so that every continuous unitary representation ρ : G → U(H) gives rise to a family dρ(ξ), ξ ∈ g, of skew-adjoint unbounded operators with different domains D ξ .
This context is not quite suitable for Lie theory though, because due to possible domain issues, one may not get a representation at the infinitesimal level. In order to obtain a Lie algebra representation, it is natural to require that the representation (ρ, H) be smooth, in the sense that the space H ∞ of vectors with a smooth orbit map is dense in H. This ensures that dρ becomes a Lie algebra representation on the dense common domain H ∞ , and with that, the full power of Lie Theory, including infinitesimal methods, becomes available. For finite dimensional Lie groups, smoothness follows from continuity by Gårding's Theorem [Ga47] , but this is no longer true for infinite dimensional Lie groups ( [BN08, Ne10b] ). For those, smoothness has to be imposed as an extra technical condition, justified by virtually all important examples. In the same vein, we define a projective unitary representation ρ : G → PU(H) to be smooth if the set of rays with a smooth orbit map is dense in P(H).
The central results of this paper are the following:
• If G is a Lie group (modelled on an arbitrary locally convex vector space), then every smooth projective unitary representation of G corresponds to a smooth unitary representation of a central Lie group extension G ♯ of G (Theorem 4.3). The nontrivial point here is that G ♯ is not just a topological group, but a locally convex Lie group.
• For Lie groups G that are 1-connected, regular, and modelled on a barrelled locally convex space, we characterise which unitary representations of its Lie algebra g are integrable to a group representation in terms of existence and smoothness of solutions to certain linear initial value problems (Theorem 3.27).
• We clarify the correspondence between smooth projective representations, unitary representations of the corresponding central extensions, and the corresponding data on the Lie algebra level in terms of suitable categories (Theorem 7.3), with due care for the appropriate intertwiners.
We now describe our results and the structure of the paper in more detail. In Section 1, we introduce Lie groups modelled on locally convex spaces and in particular the notion of a regular Lie group. In Section 2, we introduce the appropriate notions of smoothness and continuity for unitary and projective unitary representations of locally convex Lie groups.
The original part of this paper starts in Section 3, where we discuss the passage back and forth between smooth unitary representations of a locally convex Lie group G with Lie algebra g (the global level), and the corresponding unitary representations of g on a pre-Hilbert space (the infinitesimal level). A key observation is that a smooth unitary representation (ρ, H) of a connected Lie group G is always determined uniquely by the derived representation of g on the space of smooth vectors. We give a short and direct proof in Proposition 3.4. A much harder problem is to characterise those unitary Lie algebra representations (π, V ) which can be integrated to a smooth group representation. The main idea here is to equip V with two locally convex topologies derived from π, the weak and the strong topology, which are finer than the norm topology of the pre-Hilbert space V . The advantage of these topologies on V is that unlike the norm topology, they make the infinitesimal action g × V → V , defined by (ξ, ψ) → π(ξ)ψ, into a sequentially continuous map (Lemma 3.14). Although this map is continuous for Banach-Lie groups, this fails in general for Fréchet-Lie groups. If (π, V ) is the derived g-representation of the smooth unitary G-representation (ρ, H), then it is regular in the sense that, for every smooth curve ξ : [0, 1] → g and ψ ∈ V , the initial value problem d dt ψ t = π(ξ t )ψ t , ψ 0 = ψ has a smooth solution (in the weak or strong topology on V , which is a stronger requirement than having a solution in the norm topology!), and ψ 1 depends smoothly on ξ ∈ C ∞ ([0, 1], g) with respect to the topology of uniform convergence of all derivatives. The main result of Section 3 is Theorem 3.27, which states that for regular, 1-connected Lie groups G with a barrelled Lie algebra g, a unitary g-representation is integrable to a G-representation if and only if it is regular. Along the way, we prove that if (ρ, H) is a smooth unitary representation of a Fréchet-Lie group G, then its space H ∞ of smooth vectors is complete with respect to both the weak and the strong topology (Proposition 3.19). Sufficient criteria for regularity have been developed for various types of Lie algebras, such as loop algebras and the Virasoro algebra, in [TL99] .
In Section 4, we introduce the concept of a smooth projective unitary representation ρ : G → PU(H) of a locally convex Lie group G. We show that any such representation gives rise to a smooth unitary representation of a central Lie group extension G ♯ of G by the circle group T, and hence to a representation of the central Lie algebra extension g ♯ of g. This general result subsumes various weaker results and ad hoc considerations ([Ne10a] , [PS86] , [Se81] , [Mc85, Mc89] ) and applies in particular to many important classes of groups, such as loop groups, the Virasoro group, and restricted unitary groups. This breaks the problem of classifying smooth projective unitary representations into two smaller parts: determining the relevant central Lie group extensions G ♯ of G by T (cf. [Ne02] ), and classifying the unitary representations of the individual central extensions G ♯ . In [JN15] , we use this strategy for the classification of projective unitary positive energy representations of gauge groups.
In Section 5, we refine the techniques used in [Ne10b, Ne14] to provide effective criteria for the smoothness of a ray [ψ] ∈ P(H), and to determine the structure of the subset P(H)
∞ of all smooth rays as a union of subsets P(D j ), where (D j ) j∈J are mutually orthogonal subspaces of H. In particular, this shows that for smooth projective representations, the dense set of smooth rays is a projective space.
The Lie algebra extension g ♯ → g of the central T-extension G ♯ → G is a central extension of g by R, hence determined by a cocycle ω : g × g → R.
In Section 6, we describe the Lie algebra cocycles in terms of smooth rays, and formulate necessary conditions for a Lie algebra cocycle to come from a projective unitary representation. One is the existence of an equivalent cocycle which is the imaginary part of a positive semi-definite hermitian form on g C (Proposition 6.6).
In Section 7, we formulate the correspondence between smooth projective unitary representations of G, smooth unitary representations of G ♯ , and the corresponding data on the Lie algebra side in terms of suitable categories, i.e., taking intertwiners into account.
In Section 8, we briefly discuss the special case where the Lie group under consideration is a semidirect product G ⋊ α R. This setting, especially with R = R, is frequently encountered in the representation theory of infinite dimensional Lie groups, in particular for loop groups and gauge groups (cf. [PS86, JN15] ). For R = T or R = R, we thus encounter Lie algebras of the form g ⋊ D R, where D : g → g is a continuous derivation. Such a derivation is called admissible if its kernel and cokernel split in a natural way, a requirement automatically fulfilled for R = T. In Section 9 we show how the admissibility of D can be used to compute H 2 (g ⋊ D R, R) in terms of D-invariant cocycles on g. We further show that the Stone-von Neumann Theorem implies that cocycles on g ⋊ D R arising from projective positive energy representations lead to D-invariant cocycles on g.
Section 10 concludes this paper with a discussion of projective unitary representations for three classes of locally convex Lie groups: abelian groups, whose central extensions are related to Heisenberg groups; the group Diff(S 1 ) + of orientation preserving diffeomorphisms of the circle, whose central extensions are related to the Virasoro algebra; and twisted loop groups, whose central extensions are related to affine Kac-Moody algebras.
Notation and terminology
We denote the unit circle {z ∈ C : |z| = 1} by S 1 if we consider it as a manifold, and by T if we consider it as a Lie group. The exponential function exp : R → T is given by exp(t) = e 2πit with kernel Z. For a complex Hilbert space H, we take the scalar product · , · to be linear in the second argument. The projective space is denoted P(H), and we write [ψ] := Cψ for the ray generated by a nonzero vector ψ ∈ H. We denote the group of unitary operators of H by U(H), and write PU(H) := U(H)/T1 for the projective unitary group. The image of U ∈ U(H) in PU(H) is denoted U . Locally convex vector spaces are always assumed to be Hausdorff.
Representations of locally convex Lie groups
In this section, we introduce Lie groups modelled on locally convex spaces, or locally convex Lie groups for short. This is a generalisation of the concept of a finite dimensional Lie group that captures a wide range of interesting examples (cf. [Ne06] for an overview).
Smooth functions
Let E and F be locally convex spaces, U ⊆ E open and f : U → F a map. Then the derivative of f at x in the direction h is defined as
whenever it exists. We set Df (x)(h) :
It is called continuously differentiable if it is differentiable at all points of U and
is a continuous map. Note that this implies that the maps Df (x) are linear (cf.
[GN15, Lemma 2.2.14]). The map f is called a C k -map, k ∈ N ∪ {∞}, if it is continuous, the iterated directional derivatives
exist for all integers 1 ≤ j ≤ k, x ∈ U and h 1 , . . . , h j ∈ E, and all maps D j f : U × E j → F are continuous. As usual, C ∞ -maps are called smooth.
Locally convex Lie groups
Once the concept of a smooth function between open subsets of locally convex spaces is established, it is clear how to define a locally convex smooth manifold (cf.
[Ne06], [GN15] ). Definition 1.1. (Locally convex Lie groups) A locally convex Lie group G is a group equipped with a smooth manifold structure modelled on a locally convex space for which the group multiplication and the inversion are smooth maps. A morphism of Lie groups is a smooth group homomorphism.
We write 1 ∈ G for the identity element. Its Lie algebra g is identified with the tangent space T 1 (G), and the Lie bracket is obtained by identification with the Lie algebra of left invariant vector fields. It is a locally convex Lie algebra in the following sense. The right action R g : h → hg of G on itself induces a right action on T (G), which we denote (v, g) → v · g. Definition 1.3. (Logarithmic derivatives) For a smooth map γ : M → G, the right logarithmic derivative δ R γ : T M → g is defined by
If x is a coordinate on M , we will often write δ R x γ instead of δ R ∂x γ. The logarithmic derivative satisfies the Maurer-Cartan equation
The notion of a regular Lie group, introduced by Milnor [Mi84] , is especially useful if one wishes to pass from the infinitesimal to the global level. Regularity is satisfied by all major classes of locally convex Lie groups [Ne06]. Since the emphasis in the present paper is more on the global level and on the passage from the global to the infinitesimal level, the majority of our results will not require regularity.
Projective unitary representations
We introduce the appropriate notions of smoothness and continuity for unitary and projective unitary representations of locally convex Lie groups.
Unitary representations
Let G be a locally convex Lie group with Lie algebra g. A unitary representation (ρ, H) of G is a group homomorphism ρ : G → U(H). = H. This is equivalent to the continuity of ρ : G → U(H) with respect to the strong operator topology, which coincides with the weak operator topology on U(H). The norm topology on U(H) is finer than the weak or strong topology. We call (ρ, H) norm continuous if ρ : G → U(H) is continuous w.r.t. the norm topology. Norm continuity implies continuity, but many interesting continuous representations, such as the regular representation of a finite dimensional Lie group G on L 2 (G), are not norm continuous.
Projective unitary representations
A projective unitary representation (ρ, H) of a locally convex Lie group G is a complex Hilbert space H with a group homomorphism ρ : G → PU(H). We call two projective unitary representations (ρ, H) and (ρ ′ , H ′ ) unitarily equivalent if there exists a unitary transformation U :
A projective unitary representation yields an action of G on the projective space P(H). Since P(H) is a Hilbert manifold, we can define continuous and smooth projective representations. 
Definition 2.5. (Continuous and smooth rays)
A ray [ψ] ∈ P(H) is called continuous if its orbit map G → P(H), g → ρ(g)[ψ]
Integration of Lie algebra representations
In this section, we turn to the new material in this paper. We discuss the passage back and forth between smooth unitary representations of a locally convex Lie group G with Lie algebra g (the global level), and the corresponding unitary representations g on a pre-Hilbert space (the infinitesimal level). Subsection 3.1 is devoted to the following key observation: a smooth unitary representation (ρ, H) of a locally convex Lie group G is determined uniquely by its derived unitary Lie algebra representation (dρ, H ∞ ) on the space of smooth vectors. In Subsection 3.2, we tackle the much harder question of finding necessary and sufficient criteria for unitary Lie algebra representations (π, V ) to integrate to the group level. This culminates in Theorem 3.27, where we give such conditions in the context of 1-connected regular Lie groups modelled on a barrelled Lie algebra.
Derived representations
A representation (π, V ) of a Lie algebra g is a complex vector space V with a Lie algebra homomorphism π : g → End(V). 
where γ : R → G is a curve with γ 0 = 1 and The derived representation dρ carries significant information in the sense that it determines the restriction of ρ to G 0 , the connected component of the identity. 
Skew-symmetry of the operators d ρ(ξ t ), combined with the identity d ρ(ξ t )U = U dρ(ξ t ) on H ∞ , then implies that the function
Globalisation of Lie algebra representations
The converse problem, existence and uniqueness of globalisations for a given unitary Lie algebra representation, is much harder. There is a functional analytic and a topological aspect to this question, in the sense that one can ask whether a given Lie algebra representation integrates to a local group representation, and, if so, whether or not this extends to a global representation. Since the topological part is less relevant for projective representations, we now isolate the functional analytic part.
For the integration problem, we will work in the context of regular Lie groups modelled on barrelled Lie algebras. The distinguishing feature of barrelled spaces is that the Banach-Steinhaus Theorem holds. Every locally convex Baire space is barrelled, so in particular, all Fréchet spaces are barrelled. Products, Hausdorff quotients and inductive limits of barrelled spaces are barrelled, so in particular, LF-spaces are barrelled.
Weak and strong topology for LA representations
Let (π, V ) be a unitary representation of a locally convex Lie algebra g. In order to make headway with the integration of Lie algebra representations, we will need a topology on V for which the map g × V → V, (ξ, ψ) → π(ξ)ψ is sequentially continuous. Since the norm topology on V ⊆ H V , induced by the Hilbert space norm on H V , is too coarse for this to hold even in the case of finite dimensional Lie algebras, we introduce two topologies on V , the weak and the strong topology, that do fulfil this requirement.
Remark 3.6. (Notation) The unitary g-representation π : g → End(V ) extends to a * -representation of the universal enveloping algebra U C (g), equipped with the unique antilinear anti-involution that satisfies ξ * = −ξ on g ⊆ U C (g). It will be denoted by the same letter, π : U C (g) → End(V ). In the same vein, we define the map
For n = 0, this is interpreted as the map on g 0 = R defined by π 0 (λ) = λ1, so that π n is the concatenation of π : U C (g) → End(V ) with the n-linear multiplication map g n → U C (g). The intuition behind the definition of the weak and strong topology on V is to think of ψ ∈ H ∞ as a 'state' σ ψ : U C (g) → C on U C (g), given by σ ψ (A) = ψ, π(A)ψ . The weak topology of V corresponds precisely to the weak- * topology on U * C (g), and the strong topology is loosely based on the topology of bounded convergence.
Definition 3.9. (Weak and strong topology on V ) The weak topology on V is the locally convex topology generated by the seminorms
The strong topology on V is generated by the seminorms
where B ⊆ g n runs over the bounded subsets of the locally convex spaces g n , and n runs over N.
Recall that for n = 0, we have g 0 = R and p λ (ψ) = |λ| ψ , so that both the strong and the weak topology are finer than the norm topology of V ⊆ H V . As the name suggests, the strong topology is stronger than the weak topology. If we have the strong, weak, or norm topology on V in mind, we will call a convergent sequence in V 'strongly', 'weakly' or 'norm'-convergent, and a a continuous map into V 'strongly', 'weakly', or 'norm'-continuous. (N) ) is given by (dρ(ξ)ψ) n := iξ n ψ n . The weak topology on C (N) is the locally convex topology generated by the seminorms p ξ (ψ) := i∈N |ξ i ψ i | 2 , where
n . This is precisely the locally convex inductive limit topology on C (N) , i.e., the strongest locally convex topology such that all inclusions C n ֒→ C (N) are continuous. Indeed, the opens B ξ (0) := {ψ ∈ C (N) ; p ξ (ψ) < 1} that generate the weak topology are open for the locally convex inductive limit topology. Conversely, if U ⊆ C (N) is a convex 0-neighbourhood for the locally convex inductive limit topology, then for each i ∈ N, there exists an r i > 0 such that ψ ∈ U for all ψ ∈ Ce i with ψ ≤ r i . With ξ i := 2 i+1 /r i , the inequality p ξ (ψ) < 1 implies |2 i+1 ψ i | < r i , so that the multiple 2 i+1 ψ i e i of the i th basis vector e i is an element of U . Since ψ = n i=0 ψ i e i is a convex combination of 0 and the vectors 2 i+1 ψ i e i , it is an element of U , hence B ξ (0) ⊆ U and U is open for the weak topology. In this case, the strong topology yields the same result.
Proposition 3.12. (Strong continuity π n (ξ)) For every ξ ∈ g n , the map π n (ξ) : V → V is continuous for the weak as well as for the strong topology.
Proof. For the weak topology, this follows from
For the strong topology, this follows from p B (π n (ξ)ψ) = p B×{ξ} (ψ), as B × {ξ} ⊆ g n+m is bounded for all ξ ∈ g m and all bounded sets B ⊆ g m .
Although the norm topology on V is coarser than the weak and the strong topology, continuity of all maps π ψ n : g n → V w.r.t. the norm topology implies continuity w.r.t. the weak and strong topology. 
Lemma 3.14.
is a continuous unitary representation of a barrelled Lie algebra g, then the map
ψ is sequentially continuous for the weak and strong topology.
Proof. Let (ξ n , ψ n ) be a sequence in g × V converging weakly to (ξ ∞ , ψ ∞ ).
The maps π ψn : g → V defined by π ψn (ξ) := π(ξ)ψ n are weakly continuous by Proposition 3.13, and H := {π ψn ; n ∈ N} is bounded for the topology of pointwise convergence because for each fixed ξ ∈ g, π ψn (ξ) converges to π(ξ)ψ ∞ by Proposition 3.12. By the Banach-Steinhaus Theorem ([Bo50, Thm. 1]), H is equicontinuous, so that lim k→∞ π(ξ ∞ − ξ k )ψ n = 0 uniformly in n. It follows that lim n→∞ π(ξ n )ψ n = lim n→∞ π(ξ ∞ )ψ n , which equals π(ξ ∞ )ψ ∞ , again by Proposition 3.12.
If (ξ n , ψ n ) → (ξ ∞ , ψ ∞ ) strongly, then one considers for each ξ ∈ g m the map π ψn ξ : g → V defined by π ψn ξ (ξ) = π m (ξ)π(ξ)ψ n , strongly continuous by Proposition 3.13. For every bounded subset B ⊆ g m , the set
is pointwise bounded because for each fixed ξ ∈ g, π ψn ξ (ξ) ≤ p B×{ξ} (ψ n ), which, for n → ∞, approaches p B×{ξ} (ψ ∞ ) by assumption. By the BanachSteinhaus Theorem, H is equicontinuous, and
Remark 3.15. (Continuity of g × V → V ) If g is a Banach-Lie algebra, then both g and the strong topology on V are first countable, so that sequential strong continuity of the action map (ξ, ψ) → π(ξ)ψ implies strong continuity. However, even for Fréchet-Lie algebras g, the action (ξ, ψ) → π(ξ)ψ can be sequentially continuous without being continuous. For example, the map (ξ, ψ) → dρ(ξ)ψ described in Example 3.11 is sequentially continuous by Lemma. 3.14, but it is not continuous w.r.t. any locally convex topology on V , cf. [Ne10b, Ex. 4.8].
Lemma 3.16. (Continuous curves) Let π : g → End(V ) be a continuous unitary representation of a barrelled Lie algebra g, let t → ξ t be a continuous curve in g, and let and t → ψ t be a strongly (weakly) continuous curve in V . Then the curve t → π(ξ t )ψ t in V is strongly (weakly) continuous.
Proof. If t → π(ξ t )ψ t were not continuous in some point t 0 , then it would be possible to find a sequence t n converging to t 0 such that π(ξ n )ψ n does not converge to π(ξ 0 )ψ 0 , contradicting Lemma 3.14.
The following lemma holds for the weak and strong topology, but not for the norm topology -which was our main motivation to introduce the former two.
is a continuous unitary representation of a barrelled Lie algebra g. If t → ψ t is a C 1 -curve in V for the strong (weak) topology, and
Proof. Since g → V, ξ → π(ξ)ψ t and π(ξ t ) : V → V are continuous w.r.t. the strong and weak topology by Propositions 3.13 and 3.12 respectively, the first two terms on the r.h.s. of
It remains to show that the third term is zero. Since h → ψ t+h − ψ t is a strongly (weakly) continuous curve in V , and since the map defined by 0 → ξ ′ t and h → 1 h (ξ t+h − ξ t ) for h = 0 is a continuous curve in g, Lemma 3.16 implies that lim h→0 The following product rule results from Lemma 3.17 by induction.
Proposition 3.18. (Product rule) Suppose that (π, V ) is a continuous unitary representation of a barrelled Lie algebra g. Let t → ξ t be a C n -curve in g, and let t → ψ t be a C n -curve in V for the strong (weak) topology, with n ∈ N ∪ {∞}. Then t → π(ξ t )ψ t is a C n -curve in V for the strong (weak) topology, and for all k ≤ n, we have
The following completeness result for the space of smooth vectors will not be needed for the globalisation result towards which we are working, but is of general interest.
Proposition 3.19. (Completeness of H
∞ ) Let G be a regular Lie group modelled on a Fréchet-Lie algebra g. Then for any smooth unitary G-representation (ρ, H), the space H ∞ of smooth vectors is complete for the weak (and hence for the strong) topology derived from the g-representation (dρ, H ∞ ).
Proof. Suppose that (ψ α ) α∈S is a Cauchy net in H ∞ for the weak topology derived from (dρ, H ∞ ) (which is certainly the case if it is Cauchy for the strong topology). Then for each ξ ∈ g n , the net dρ n (ξ)ψ α is Cauchy in H, hence converges to some ψ ξ ∈ H in norm. We need to show that ψ 1 is a smooth vector. Consider (ξ n , . . . , ξ 1 ) ∈ g n , and note that the limits ψ 1 := lim ψ α and
Since G is regular, the map t → ρ(exp(tξ k )) is a continuous one-parameter group of unitary operators (w.r.t. the strong topology on U(H)) whose selfadjoint generator X ξ k restricts to −idρ(ξ k ) on H ∞ . In particular, the operators dρ(ξ k ) are closable, so existence of the limit (2) and closedness of iX ξ k+1 implies ψ ξ k+1 ...ξ1 = iX ξ k+1 ψ ξ k ...ξ1 . One then proves by induction that ψ ξn...ξ1 = i n X ξn . . . X ξ1 ψ 1 . In order to prove that ψ 1 ∈ H ∞ , we show that the map
is n-linear and continuous. It is linear in each ξ k because
is the sum of two nets converging to sψ ξn...ξ k ...ξ1 and tψ ξn...ξ ′ k ...ξ1 . We show that Ω ψ1 is separately continuous by means of a uniform boundedness argument. Let u α : g → H be defined by
are fixed elements of U C (g). Since ψ α ∈ H ∞ , continuity of (dρ, H ∞ ) (cf. Remark 3.8) implies that the u α are continuous, and the set H := {u α ; α ∈ S} is pointwise bounded because for each fixed ξ ∈ g, the net u α (ξ) is normconvergent. Since g is barrelled, the Banach-Steinhaus Theorem [Bo50, Thm. 1] implies that H is equicontinuous; for every ε > 0, there exists a 0-neighbourhood U ⊆ g such that ξ ∈ U implies dρ(A)dρ(ξ)dρ(B)ψ α ≤ ε uniformly for all α ∈ S. It follows that for ξ ∈ U , also the limit for α ∈ S satisfies ψ A·ξ·B ≤ ε.
Since g is a Fréchet space, separate continuity of the n-linear map Ω ψ1 implies joint continuity [Ru91, Thm. 2.17], so we may conclude from [Ne10b, Lemma 3.4] that ψ 1 is a smooth vector, hence H ∞ is complete.
Regular Lie algebra representations
Let G be a regular Lie group modelled on a barrelled Lie algebra g. We will show that a unitary Lie algebra representation (π, V ) of g globalises to a smooth representation of the universal cover G 0 of the connected 1-component G 0 of G if and only if it is weakly or strongly regular in the following sense. 
with initial condition ψ| t=0 = ψ 0 has a smooth solution in V whose value in 1 depends smoothly on the path ξ ∈ C ∞ ([0, 1], g), where V is equipped with the strong (weak) topology (cf. Definition 3.9).
Remark 3.21. (Uniqueness of solutions) Solutions to (3) are automatically unique if they exist; if both ψ t and ψ t are solutions, then by continuity (hence smoothness) of · , · and skew-symmetry of π(ξ t ), we have
Since ψ t 2 = ψ t 2 = ψ t , ψ t holds for t = 0, it holds for all t, hence ψ t = ψ t .
We first prove that all derived representations are regular. The first step is the following lemma, which reaches a slightly stronger statement than Proposition 3.13 if π is derived from a group representation. 
is both weakly and strongly continuous.
In order to prove the 'strong' part of Lemma 3.22, we need the following proposition.
Proposition 3.23. (C 1 -estimate) Let X and E be locally convex vector spaces,
Proof. This proposition, as well as its proof, is taken from [Gl07, Lemma 1.
→ H is continuous and Df (x, 0, 0, 0) = 0, there exists a seminorm p on X such that the unit ball B p 1 (x) around x is contained in U , and a seminorm q on E such that
for all y ∈ B p 1 (x) ⊆ U and z ∈ B p 1 (0) ⊆ X, and for ξ j , η j ∈ B q 1 (0) ⊆ E with 1 ≤ j ≤ k. By linearity in z, this implies
1 (0) and z ∈ X. We now use the Mean Value Theorem to write
1 (x) and ξ j ∈ B q 1 (0). By (6), the integrand is bounded by y − x p in norm, so we obtain
We proceed with the proof of Lemma 3.22.
Proof. We first prove weak continuity: since the map ρ ψ m+n is norm-continuous, so is the map dρ m (ξ 0 )ρ ψ n for every fixed ξ 0 ∈ g m . This implies that ρ ψ n is continuous for every norm p ξ 0 , hence weakly continuous.
To prove the strong continuity, we need to exhibit, for every (ξ, g) ∈ g n × G, every bounded set B ⊆ g m and every
We apply Lemma 3.23 with k = m, E = g, X = g n × g, and U ⊆ g n × g a coordinate patch corresponding with an open neighbourhood U ′ of (ξ, g) in g n ×G, for which (ξ, g) ∈ U ′ is represented by x ∈ U . Considering the restriction of the smooth map ρ
′ and identifying U ′ with U , we find continuous seminorms · q on g and · p on g n × g such that for
where x ′ ∈ U is the coordinate of (ξ ′ , g ′ ). Let B q 1 (0) ⊆ g be the open unit ball w.r.t. the seminorm · q , and let
Using Lemma 3.22, we now prove that the orbit map is smooth.
Lemma 3.24. (Smooth orbit maps) If (ρ, H) is a smooth unitary representation of a locally convex Lie group G, then for every ψ ∈ H ∞ , the orbit map
is smooth for the weak and strong topology on H ∞ .
Proof. The orbit map is smooth for the norm topology on H ∞ by definition, so for each ψ ∈ H ∞ , the maps g
th derivative of the orbit map. It follows from this that the maps
are C 1 for the weak topology; for fixed ξ 0 ∈ g m and for every smooth curve
w.r.t. the norm topology, where, if ξ t = (ξ 1 (t), . . . , ξ n (t)), the expression ξ
should be understood as
Therefore, the directional derivatives w.r.t. the norms p ξ 0 exist and are linear combinations of maps of the type ρ ψ n and ρ ψ n+1 . Since these are continuous in the weak topology by Lemma 3.22, the desired C 1 -property follows. For n = 0, this shows that ρ ψ : G → H ∞ is C 1 for the weak topology, and that
is C n for the weak topology and its n th derivative corresponds to a sum of maps of type ρ ψ r under the identification
then the same is true for n + 1 because maps of type ρ n r are C 1 with derivatives of the same type. By induction, it follows that the orbit map is smooth for the weak topology.
For the strong topology, fix a smooth curve t → (ξ t , γ t ) in g n × G, and use Taylor's Theorem to see that for a bounded set B ⊆ g m , the difference
for h = 0 is bounded by the remainder term involving the second derivative,
with C ξ 0 ,s the norm of the second derivative at t + s,
Since the map (ξ 0 , s) → C ξ 0 ,s is continuous in ξ 0 and s, and positively homogeneous in ξ 0 , there exists an ε > 0 such that C ξ 0 ,s is bounded on B × [−ε, ε], say by C > 0. Since ∆ h ≤ |h| · C uniformly for ξ ∈ B (subject to |h| < ε), we see that the directional derivative
exists for the strong topology, and that the result is continuous by Lemma 3.22. It follows that the maps ρ ψ n are C 1 for the strong topology. The proof that the orbit map is smooth for the strong topology is then the same as for the weak topology. Proof. The derived representation is continuous by Remark 3.8, so it remains to show that equation (3) has a smooth solution t → ψ t that depends smoothly on the path ξ ∈ C ∞ ([0, 1], g). Since G is regular, the ODE δ R t γ t = ξ t with γ 0 = 1 has a smooth solution t → γ t in G, which depends smoothly on the path ξ. Since the orbit map ρ ψ : G → H ∞ defined by ρ ψ (g) = ρ(g)ψ is smooth w.r.t. the weak as well as the strong topology (Lemma 3.24), the path ψ t = ρ(γ t )ψ is smooth in H ∞ for the weak and strong topology, with derivative dρ(δ R t γ)ψ t as desired. Since γ 1 depends smoothly on the path t → ξ t and ρ(γ 1 )ψ depends smoothly on γ 1 , the derived representation is regular. Proof. For ψ ∈ V , we wish to define ρ(g)ψ as the solution of d dt ψ t = π(δ R t g t )ψ t with ψ 0 = ψ, where t → g t is a smooth path in G with g 0 = 1, g 1 = g, and 'sitting instants'. We need to show that this definition is independent of the choice of path.
First of all, since G is simply connected, any pair (g 2 → G. We show that γ can be chosen to be smooth. Indeed, since the paths have sitting instants, g
is an element of the Lie group C 
so that in particular ∂ s ψ s 1 = 0 and ρ(g)ψ is well defined. The maps ρ(g) are linear and unitary (cf. Remark 3.21), and g → ρ(g)ψ is smooth by regularity of G and π. To show that ρ(gh) = ρ(g)ρ(h), we observe that the concatenation c t of the paths h 2t and g 2t−1 h 1 is a smooth path from 1 to gh if we choose g t and h t to have 'sitting instants'. The solution of the evolution equation
Combining Propositions 3.4, 3.25 and 3.26, we obtain the following characterisation of smooth unitary representations. Proof. If (π, V ) is either weakly or strongly regular, then it integrates to a smooth G-representation, so it is both weakly and strongly regular by Proposition 3.25.
Projective unitary representations and central extensions
Every smooth unitary representation of a locally convex Lie group G gives rise to a smooth projective unitary representation, and we will call a projective representation linear if it is of this form. Although not every smooth projective unitary representations of G is linear, we will now show that it can always be viewed as a smooth linear representation for a central extension of G by the circle group T. We prove that smooth projective unitary representations of a locally convex Lie group G give rise to smooth linear unitary representations of a central Lie group extension G ♯ of G, and hence to a representation of the central Lie algebra extension g ♯ of g. Just like in the finite dimensional case, no information is lost in this transition if G is connected. Given a continuous projective unitary representation (ρ, H) of G, the morphism
reduces to z → z1 on T, hence induces ρ on G. To show that G ♯ is a locally convex Lie group if (ρ, H) is smooth, we need the notion of (local) lifts. 
measures the failure of ρ to be a local group homomorphism.
If two lifts ρ and ρ ′ differ by a smooth function (a local 1-cocycle) β : U 1 → T (and this will be the case for the lifts considered below), the corresponding local 2-cocycles f and f ′ differ by the local coboundary δβ :
(ii) The central T-extension G ♯ of G carries a natural Lie group structure for which the map τ ψ :
This turns G ♯ into a locally convex principal T-bundle over G. 
(v) If P(H)
∞ is dense in P(H), then the Lie group structure on G ♯ does not depend on the choice of [ψ] ∈ P(H) ∞ . Moreover, we have P(H)
, that is, a vector ϕ ∈ H\{0} is smooth for ρ if and only if its ray [ϕ] is smooth for ρ.
Proof. (i):
We may assume that ψ = 1. On the open subset
which is diffeomorphic to ψ ⊥ , we have a unique smooth map σ ψ : V ψ → H with
It satisfies σ ψ ([ψ+u]) = ψ+u ψ+u for u ∈ ψ ⊥ . Since [ψ] has a continuous orbit map,
shows that the map U ψ → H defined by g → ρ ψ (g)ψ is smooth. For g ∈ U ψ , the relation ψ, ρ ψ (g)
(ii) and (iii): It follows from (i) that, in particular, the map G × G → C, defined by
is smooth in a neighbourhood of (1, 1), so that (ii) and (iii) follow from [Ne10a,
We have to show that the map
In view of the smoothness of σ ψ , it suffices to show that α is smooth. As ψ, σ ψ (ρ(g)[ϕ]) > 0 and |α(g)| = 1, we have
Further, the relation ρ ψ (g)
shows that the function
is smooth. This proves that ϕ is a smooth vector for ρ. The Lie group structure on G ♯ constructed from [ψ] has the property that the map
is a local diffeomorphism. Let ρ ψ and ρ ϕ denote lifts of ρ in an open symmetric identity neighbourhood U ⊆ U ϕ such that ψ, ρ ψ (g)ψ > 0 and ϕ, ρ ϕ (g)ϕ > 0. Write ρ ψ (g) = β ψ,ϕ (g)ρ ϕ (g) with β ψ,ϕ (g) ∈ T. We have to show that β ϕ,ψ is smooth. We have seen above that the function
is also smooth. This completes the proof of (iv).
(
then the density of P(H) ∞ implies the existence of an element [χ] ∈ P(H)
∞ with ψ, χ = 0 = ϕ, χ . Then (iv) implies that the Lie group structure on G ♯ does not depend on the choice of [ψ] and that ϕ is a smooth vector for ρ.
Remark 4.4. (Equivariance of lifts) Suppose that, in the context of the preceding theorem, we fix a smooth ray [ψ] ∈ P(H), g ∈ G and a lift ρ(g) of ρ(g) ∈ PU(H). Then
The following corollary allows us to consider projective smooth unitary representations as linear representations of a central extension, even if the group is not connected. 
Proof. Let G 0 ⊆ G be the identity component of G. We endow G 
the smoothness of c (h,W ) in an identity neighbourhood is equivalent to the smoothness of the map 
is a continuous isomorphism of central extensions satisfying ρ(Φ(g)) • U = U • ρ(g). Since the lifts ρ In order to classify smooth projective unitary representations of G, one first classifies the central T-extensions G → G up to isomorphism, and then determines the smooth unitary representations of each G (with the property that ρ(z) = z1 for z ∈ T) up to unitary equivalence. One then obtains all smooth projective unitary representations, but there is a slight redundancy in this description. Indeed, unitary G-representations that differ by a character χ : G → T clearly give rise to the same projective G-representation, but need not be unitarily equivalent as G-representations. For connected Lie groups G with a perfect Lie algebra g, this redundancy vanishes because all characters are trivial. 
If, moreover, the Lie algebra g of G is a topologically perfect, then χ factors through a character χ 0 : π 0 (G) → T.
Proof. If Φ : G → G is an automorphism of a central T-extension G → G, then it is in particular an automorphism of principal T-bundles, hence of the form Φ( g) = g · χ( g) for a smooth T-equivariant map χ : G → T. Moreover, χ must be a group homomorphism because Φ is. Since Φ(z) = z for z ∈ T, we have χ(z) = 1, so that χ factors through a smooth character χ : G → T. The first part of the proposition now follows from Corollary 4.5. Since dχ : g → R is a continuous Lie algebra homomorphism, it vanishes on [g, g]. Thus, if g is topologically perfect, χ is locally constant, hence factors through a character χ : π 0 (G) → T.
Smoothness of projective representations
In this section, we provide further background on the notion of smoothness for a projective unitary representation (ρ, H) of a locally convex Lie group G. In Subsection 5.1 we obtain effective criteria for the smoothness of a ray [ψ] ∈ P(H), and in Subsection 5.2 we determine the structure of the set P(H) ∞ of smooth rays.
Smoothness criteria
The following useful smoothness criterion for unitary representations is proven in [Ne10b, Thm. 7.2]. 
is smooth in a neighbourhood of 1 ∈ G and if, moreover, the local cocycle f ψ (which is then defined) is smooth in a neighbourhood of (1, 1) ∈ G × G.
Proof. Since continuity at 1 of either the orbit map or the transition probability imply the existence of a 1-neighbourhood
Under either assumption, then, the local cocycle f ψ :
is defined. By equivariance, a ray [ψ] ∈ P(H) is smooth if and only if the orbit map
is smooth in a neighbourhood U 1 of 1 ∈ G, which is the case if and only if 
. The theorem follows.
This criterion yields the following effective method to prove smoothness of projective unitary representations. G and (1, 1) ∈ G × G respectively.
Structure of the set of smooth rays
We now study the structure of the set P(H) ∞ of smooth rays. Our methods are similar to those used in [Ne14] to study the set of continuous rays.
For the following lemma, recall that the topology of the Hilbert manifold P(H) is induced by the Fubini-Study metric, which is defined by the equation 
is smooth.
Proof. For two unit vectors ψ and ϕ with ψ, ϕ > 0, we write
Then ψ, χ ψ,ϕ = 0 and we have
Note that χ ψ,ϕ is the unique element in Cψ +Cϕ orthogonal to ψ with χ ψ,ϕ = 1 and χ ψ,ϕ , ϕ > 0. If we choose another representative λψ ∈ [ψ] with |λ| = 1, then we also have to replace ϕ by λϕ to ensure positivity of the scalar product, and this implies that [(cos t)ψ + (sin t)χ ψ,ϕ ] does not depend on the choice of ψ. 
is a smooth section U × V → S(H) 2 whose range consists of pairs (a, b) with a, b > 0. We therefore have
so that the assertion follows from the smoothness of the map (ψ, ϕ) → χ ψ,ϕ .
This yields the following description of the set of smooth rays:
Theorem 5.5. (Structure of the set of smooth rays) There exists a family (D j ) j∈J of not necessarily closed mutually orthogonal linear subspaces of H such that
In particular, if P(H) ∞ is dense in P(H), then it is of the form P(D) for a dense subspace D ⊆ H. 
Since Exp is PU(H)-equivariant, we conclude that, for the action of G on the tangent bundle T (P(H)), the set T (P(H))
∞ of G-smooth elements has the property that, if v ∈ T (P(H))
∞ . Since G acts on T (P(H)) by bundle automorphisms, it also follows that, for each
complex linear subspace. This implies that, for two non-orthogonal elements [ψ], [χ] ∈ P(H)
∞ , the whole projective plane [ψ, χ] ⊆ P(H) consists of G-smooth rays. This completes the proof for the case n = 1.
We now argue by induction. Assume that n > 1. Then the induction hypothesis implies that [ψ 0 , . . . ,
∞ follows from the case n = 1. This shows that [ψ 0 , . . . , ψ n ] ⊆ P(H) ∞ . The preceding arguments imply that every non-empty subset C ⊆ P(H) ∞ which cannot be decomposed into two non-empty orthogonal subsets is of the form P(D) for a linear subspace D ⊆ H. For two such subsets C 1 and C 2 , the corresponding subspaces D 1 and D 2 are clearly orthogonal. This completes the proof. of locally convex Lie algebras such that the image of R is central in g. An isomorphism ϕ : g → g ′ of central extensions is an isomorphism of locally convex Lie algebras that induces the identity maps on g and R.
Lie algebra extensions and cohomology
Needless to say, group extensions in the sense of Definition 4.1 give rise to Lie algebra extensions in the sense of Definition 6.1. Lie algebra extensions are classified by Lie algebra cohomology.
Definition 6.2. (Continuous LA cohomology) The continuous Lie algebra cohomology H n (g, R) of a locally convex Lie algebra g is the cohomology of the complex C
• (g, R), where C n (g, R) consists of the continuous alternating linear maps g n → R with differential δ n :
Given a 2-cocycle ω : g 2 → R, we define the Lie algebra g ω by
Equipped with the obvious maps R → g ω → g, it constitutes a central extension of g by R. 
where ρ ψ * :
is the differential of the local lift ρ ψ of Theorem 4.3. In terms of the group 2-cocycle, it is given by
where γ ξ denotes a curve R → G with γ ξ (0) = 1 and γ
Proof. Note that ρ ψ * is a continuous linear splitting of the exact sequence R → g ♯ → g. In general, it is not homomorphic. The corresponding Lie algebra 2-cocycle
measures the failure of ρ ψ * to be a Lie algebra homomorphism. Since the real valued function g → ψ, ρ ψ (g)ψ is maximal at g = 1, we have ψ, ρ ψ * (ξ)ψ = 0 for all ξ ∈ g, so the formula for ω ψ in terms of ρ ψ * follows. To obtain the formula for ω ψ in terms of f ψ , one differentiates Equation (10).
By Corollary 4.5, every smooth projective unitary representation of a locally convex Lie group G gives rise to a class [G ♯ ] ∈ Ext(G, T), and to a smooth unitary representation of G ♯ . The Lie group extension T → G ♯ → G in turn gives rise to a Lie algebra extension R → g → g, hence to a class [ω] ∈ H 2 (g, R). The converse direction, however, is quite nontrivial; in general, not every class in H 2 (g, R) will integrate to a class in Ext(G, T). The following is an integrability criterion for Lie algebra 2-cocycles in terms of discreteness conditions on the period homomorphism per ω : π 2 (G) → R, which is the extension of the map C ∞ * (S 2 , G) → R defined by σ → σ Ω, where Ω the left invariant 2-form on
Theorem 6.5. (Integration of Lie algebra cocycles) Let G be a connected simply connected Lie group modelled on a locally convex Lie algebra g, and let
. We fix the isomorphism R ≃ Lie(T) obtained by the exponential function exp T (t) = e 2πit . Then the Lie algebra extension R → g → g defined by ω integrates to an extension T → G → G of Lie groups if and only if
Proof. This is [Ne02, Thm. 7.9].
As a byproduct of the construction of the smooth structure on G ♯ (cf. Theorem 4.3), we obtain the following necessary condition for a class [ω] to come from a projective unitary representation. Proposition 6.6. (Necessary condition for unitarity of cocycles) A necessary condition for a class [ω] ∈ H 2 (g, R) to correspond to a projective unitary representation is that for some representative ω ψ ∈ [ω], there exists a continuous positive semi-definite sesquilinear form
In particular, ξ, η ∈ g satisfy the Heisenberg uncertainty relations
Proof. If (ρ, H) is a smooth projective unitary representation of G and ψ ∈ H ∞ is a smooth vector, then recall from Proposition 6.4 the formula
If we define the positive semi-definite sesquilinear form
then ω ψ = −2ImH ψ on g. Note that the kernel of H is precisely the complexification of the stabiliser of
The representative ω ψ and its corresponding semi-definite sesquilinear form H ψ depend on the choice of a ray [ψ] ∈ P(H ∞ ). If we choose a different point
In particular, H ψ and ω ψ are invariant under the stabiliser
Proof. From (12), we know that ρ ρ(g)ψ (ghg
and further to
g ξ)ψ. The assertion now follows from (16) and (17).
Remark 6.8. The geometric intuition behind Propositions 6.6 and 6.7 is the following. If the orbit O = G[ψ] ⊆ P(H ∞ ) happens to be a smooth homogeneous manifold modelled on g/g [ψ] (for example if G is finite dimensional), then P = G ♯ ψ ⊆ H ∞ is a smooth principal T-bundle over O, modelled on g ♯ /g ψ . The maps [ψ] → ω ψ and [ψ] → Re(H ψ ) then define an equivariant smooth 2-form and a hermitian metric on O, whereas the splitting s ψ :
♯ /g ψ yields an equivariant connection 1-form on P with curvature −ω. This makes P → O into a prequantum T-bundle with equivariant Riemannian metric Re(H).
The main theorem
We have seen that for locally convex Lie groups, there is a correspondence between smooth projective unitary representations of G and smooth linear unitary representations of a central extension G ♯ → G. Moreover, for connected simply connected Lie groups G modelled on a barrelled Lie algebra g, there is a correspondence between smooth unitary representations of G ♯ and regular unitary representations of its Lie algebra g ♯ . We now give a formulation of this correspondence which carefully takes the intertwiners into account. 
II. The category of quadruples (
, and the morphisms are pairs (Φ, U ), where Φ : G → G ′ is an isomorphism of central extensions and
III. The category of quadruples ( g → g, π, V, [ψ]), where g → g is a central R-extension of locally convex Lie algebras, (π, V ) is a continuous unitary representation of g such that π(1) = 1 (cf. Definition 3.7), [ψ] ∈ P(V ), and morphisms are pairs (ϕ, U ) where ϕ : g → g ′ is an isomorphism of central extensions and
III r . The full subcategory of III where the image per ω (π 2 (G)) → R of the period homomorphism for the class [ω] ∈ H 2 (g, R) of g ∼ = R ⊕ ω g is contained in Z, and (π, V ) is (strongly) regular.
The case H = {0} is excluded in all categories. C) If G is a connected, simply connected, regular Lie group modelled on a barrelled Lie algebra g, then there exists an integration functor, denoted I : III r → II , which is left adjoint to the derived representation functor
Proof. The functors we need are already constructed at the level of objects, so we need only check the above statements and functoriality at the level of morphisms.
A) The equivalence of I and II is essentially Corollary 4.5. Considering a Grepresentation as a projective G-representation yields a functor II → I . We show that the construction of (G ♯ , ρ, H, ψ) out of (ρ, H, ψ) is functorial. By Remark 4.6 and the fact that the construction of the cocycle only depends on the class [ψ] of ψ, the extensions G ♯ and G ♯′ derived from (ρ, H, ψ) and (ρ ′
. This means that we can define the functor to map U to (Φ, U ) with Φ = Id,
The composition I → II → I is the identity, and the natural transformation between the identity and II → I → II is given on ( G, ρ, H, ψ) by the pair (Φ, U ) where U : H → H is the identity and Φ :
It is fully faithful for connected G by Proposition 3.4. The image of the period map is discrete for connected G because by [Ne02, Prop. 5 .11], per ω is minus the connecting homomorphism δ : π 2 (G) → Z of the principal T-bundle G → Z. If G is regular, then so is (dρ, H ∞ ) by Proposition 3.25. Together, discreteness and regularity imply that the Lie functor lands in III r . C) We describe the integration functor III r → II . The ray [ψ] picks out a distinguished splitting σ : g g of g → g by the requirement ψ, π(σ(ξ))ψ = 0 for ξ ∈ g, and hence a distinguished element ω in the class [ω] corresponding to g → g (this is the infinitesimal version of equation (14)
Although the construction of group extensions from Lie algebra extensions described in [Ne02, § 6] is highly non-canonical (it depends on a choice of a system of paths in G), it takes as input only a Lie algebra 2-cocycle ω, so it produces the same central extension G for g and g ′ . We construct the smooth group representation of G on H V by solving the ODE d dt ψ t = π(δ R g t )ψ t with initial condition ψ 0 as outlined in Proposition 3.26. (The identification between g and the Lie algebra g ⊕ ω R of G needed to evaluate π(δ R g t ) is fixed by the splitting σ.)
with initial condition ψ ′ 0 = U ψ 0 , so its closure U : H V → H V ′ is an intertwiner at the group level. To check that I is left adjoint to d, we provide a natural isomorphism hom
By the above argument, we may identify the groups and Lie algebras on both sides. For a unitary G-representation (π, H), let U : 
Covariant representations
In this section, we consider a locally convex Lie group G, endowed with a smooth action of a locally convex Lie group R, given by a homomorphism α : R → Aut(G). The semidirect product G ⋊ α R is then again a locally convex Lie group with Lie algebra g ⋊ Dα r, the "crossed product" by Dα : r → der(g).
This setting, especially with R = R, is frequently encountered in the representation theory of infinite dimensional Lie groups, in particular for loop groups (cf. [PS86] and Section 10.3) and gauge groups (cf. [JN15] ). 
is a unitary representation of G ⋊ α R. We call (G, U ) continuous or smooth if the corresponding representation ρ U of G ⋊ α R is continuous or smooth, respectively. 
is a projective unitary representation of the semidirect product G ⋊ α R. We call (ρ, U , H) continuous or smooth if the corresponding projective unitary representation of G ⋊ α R is continuous or smooth, respectively.
Remark 8.4. (Thm. 7.3 in covariant context) If (ρ, U , H) is a smooth covariant projective unitary representation, then applying Corollary 4.5 to the projective representation ρ U of G ⋊ α R, we obtain a central extension
with a smooth unitary representation ρ of (G ⋊ α R) ♯ on H that induces both ρ and U . From Proposition 3.4, we see that the restriction of ρ U to (G ⋊ α R) 0 is determined up to unitary equivalence by the derived representation d ρ of the central extension R → (g ⋊ Dα r)
♯ → g ⋊ Dα r. Theorem 7.3 provides necessary and sufficient integrability criteria.
In view of the importance of the special case R = R, we now describe the Lie algebra extensions for this particular situation in more detail. If α is a smooth R-action on G with infinitesimal generator D ∈ der(g), then G ⋊ α R is a locally convex Lie group with Lie algebra g ⋊ D R. We now have (cf. Proposition 6.4):
2 → R and an isomorphism between (g ⋊ D R) ♯ and the Lie algebra
with Lie bracket
Remark 8.6. (Equivariant sections and cocycles) Suppose that (ρ, U , H) is a smooth covariant projective unitary representation of G ⋊ α R and that U is induced by the unitary representation U : R → U(H). Then R acts on the central extension G ♯ by
Assume that ψ is an eigenvector for U and that χ : R → T is the corresponding character, defined by U t ψ = χ(t)ψ for t ∈ R. Then [ψ] is fixed under the action of R on P(H), and this implies that [ψ] is invariant under every U t . We further obtain for η ∈ ψ ⊥ and the canonical section σ ψ : V ψ → H from (11) the following equivariance relation:
This leads with the terminology from Theorem 4.3 to
For the cocycle f : G × G → T defined by (10) in Definition 4.2, this leads to
We conclude that the restriction of f to the pairs (g, h) ∈ U 2 ψ with gh ∈ U ψ is Rinvariant. It follows in particular that the action of
and hence that it is smooth on this subset. We conclude that each α t is a smooth automorphism of G ♯ and that the action α is smooth on the identity component
Admissible derivations
In Subsection 9.1, we study 2-cocycles on Lie algebras of the form g ⋊ D R, where D is an admissible derivation on a locally convex Lie algebra g. These arise naturally in the context of the preceding section. In Subsection 9.2, we give some extra information on cocycles that come from representations which are either periodic or of positive energy.
In this section, we will assume that our derivation is of the following type. Definition 9.3. (Gauge algebra) Let K be a finite dimensional Lie group with Lie algebra k and let P → M be a principal K-bundle. Then Ad(P ) := P × Ad k is a bundle of Lie algebras with typical fibre k. We define the (compactly supported) gauge algebra of P to be the locally convex Lie algebra g := Γ c (Ad(P )) of compactly supported smooth sections of Ad(P ), equipped with the pointwise Lie bracket and the canonical locally convex topology.
We will be interested in the situation where P → M carries a K-equivariant R-action γ : R → Aut(P ) with generator v ∈ Γ(T P ) K . We then obtain a smooth 1-parameter family of automorphisms α : R → Aut(g), hence a continu-
If the R-action on P factors through a T-action, then we are in the setting of Proposition 9.2, so that D is admissible. The motivating example of an admissible derivation, however, is the following (cf. [JN15] ).
Proposition 9.5. (Admissible derivations for gauge groups) Suppose that the K-equivariant R-action on P → M is proper and free on M . Let Σ := M/R denote the corresponding quotient manifold. Then P ≃ P Σ × R with P Σ → Σ a principal K-bundle over Σ. Moreover, the derivations on Γ c (Ad(P )) and Γ(Ad(P )) defined by Dξ(η, t) = d dt ξ(η, t) are admissible. Proof. As the R-action is proper and free, M and P are (automatically trivial) principal R-bundles over Σ := M/R and P Σ := P/R respectively, hence P ≃ P Σ × R with P Σ → Σ a principal K-bundle. The formula for D is clear.
First, we consider the case g := Γ c (Ad(P )). Let I : g → Γ(Ad(P )) be the integration Iξ(η, t) := Secondly, we consider the case g := Γ(Ad(P )). Then D : g → g is surjective and the section I : Dg → g is given by Iξ(η, t) := t 0 ξ(η, τ )dτ . The requirement that the R-action be either periodic or proper and free cannot be dispensed with, as is shown by the following:
Conversely, any D-invariant 2-cocycle ω on g extends trivially to a cocycle ω on g ⋊ D R. This proves exactness in
, where the upper index D stands for D-invariant coboundaries, and the lower index for coboundaries of D-invariant 1-chains.
The coboundary δϕ ∈ B 2 (g, R) is determined by the restriction of ϕ ∈ C 1 (g, R) = g ′ to [g, g] , and by the Hahn-Banach Theorem, the correspondence between B 2 (g, R) and
is therefore equal to
Remark 9.9. (Covariant cocycles for gauge algebras) Suppose that k is a perfect Lie algebra and that the equivariant R-action is proper and free on M (Proposition 9.5). Then, for g = Γ c (Ad(P )), we have
. Indeed, g is topologically perfect because k is perfect ([JW13, Prop. 2.4]). Since P Σ → Σ is a smooth principal fibre bundle (cf. Proposition 9.5), the same argument implies that Ker(D) ≃ Γ c (Ad(P Σ )) is perfect, so that the statement follows from Proposition 9.8. 
Cocycles for positive energy
Proof. Recall that g = IDg ⊕ Ker(D). We have seen in the proof of Proposition 9.8 that ω is cohomologous to ω ′ with ω ′ (D, IDg) = {0}. Now let X ∈ Ker(D). Then dρ defines a unitary representation of the Heisenberg alge-
We call a smooth unitary representation ρ : G → U(H) periodic if the corresponding R-action factors through R → T ∼ = R/Z, and of positive energy if the spectrum of the Hamilton operator H := −idρ(D) is bounded below. Since Spec(H) = R in either case, we have the following corollary. 
Applications
Finally, let us mention a few examples of locally convex Lie groups that serve to illustrate the theory developed so far. In Subsection 10.1, we consider abelian Lie groups, whose central extensions are related to Heisenberg groups. In Subsection 10.2, we consider the group Diff(S 1 ) + of orientation preserving diffeomorphisms of the circle, whose central extensions are related to the Virasoro algebra. Finally, in Subsection 10.3, we investigate twisted loop groups, whose central extensions are related to affine Kac-Moody algebras.
Abelian Lie groups
If V is a locally convex vector space, then (V, +) is an abelian locally convex Lie group. The central extensions of the abelian Lie algebra V correspond to continuous skew-symmetric bilinear forms ω : V × V → R. Each of these integrates to a group extension:
Definition 10.1. (Heisenberg groups) If ω is a continuous skew-symmetric bilinear form on a locally convex vector space V , then the group T × ω V with product
is a locally convex Lie group whose Lie algebra is R ⊕ ω V with bracket
If ω is non-degenerate, then T × ω V is called a Heisenberg group, and R ⊕ ω V a Heisenberg-Lie algebra.
Every central T-extension of (V, +) is isomorphic to T × ω V for some continuous skew-symmetric bilinear form ω on V , and the central T-extensions T × ω V and T × 
. This allows us to reduce the classification of smooth projective factor representations of (V, +) to the the classification of smooth unitary factor representations of the Heisenberg group. Indeed, let ( ρ, H) be a smooth factor representation of T × ω V . The closed subspace K := Ker(ω) = {v ∈ V ; i v ω = 0} is central in T × ω V , so that the requirement that ρ be a factor representation, ρ(V ) ′ ∩ ρ(V ) ′′ = C1, implies that ρ| K is given by a smooth character χ : K → T. Writing χ(k) = exp(iϕ(k)) and extending the continuous functional ϕ : K → R to V (this is possible by the Hahn-Banach Theorem), we obtain a smooth character χ : V → T such that χ −1 · ρ is trivial on K, hence factors through a representation of the locally convex Lie group T × ω (V /K). Since K is closed, V /K is a locally convex Hausdorff space, and if V is barrelled, then so is V /K. However, unless V is Fréchet, completeness of V does not imply completeness of V /K ([Kö69, §31.6]), so at this point, we are making essential use of our rather wide definition of a locally convex Lie group, which does not assume completeness of the model space. Switching from V to V /K and from ρ to ρ if necessary, we may assume that (ρ, H) is a smooth representation of a Heisenberg group T × ω V . By Proposition 6.6, a smooth vector ψ ∈ H ∞ defines a non-degenerate continuous sesquilinear form H(ξ, η) = dρ(ξ)ψ, dρ(η)ψ on V C with ω = −2Im(H). In order to obtain the above equality, one has to require that ψ, dρ(ξ)ψ vanishes for ξ ∈ g, which can be achieved by twisting with ϕ(ξ) := i ψ, dρ(ξ)ψ . Proof. That existence of such an H is necessary follows from the above. To see that it is sufficient, we note that the function f : T × ω V → C, f (z, v) = ze 
The Virasoro group
The group Diff(S 1 ) + of orientation preserving diffeomorphisms of the circle is a connected locally convex Lie group with Lie algebra Vec(S 1 ) [Ha82] . Its universal cover G := Diff(S 1 ) + can be described as G = {ϕ ∈ C ∞ (R, R) : (∀t ∈ R) ϕ(t + 2π) = ϕ(t) + 2π and ϕ ′ (t) > 0} , 
Loop groups
Let K be a compact simple Lie group with Lie algebra k, and let σ be an automorphism of K of finite order N . We denote the corresponding Lie algebra automorphism by the same letter, and assume that it comes from a diagram automorphism of k ( [Ka90] ). Then the (twisted) loop group L σ (K) := {f ∈ C ∞ (R, K) : (∀t ∈ R) f (t + 1) = σ −1 f (t)} is a Fréchet-Lie group [NW09, App. A]. Its Lie algebra is the (twisted) loop algebra L σ (k) := {ξ ∈ C ∞ (R, k) : (∀t ∈ R) ξ(t + 1) = σ −1 ξ(t)} .
It comes with a canonical 1-parameter group T : R → Aut(L σ (K)) of translations defined by T τ (f )(t) := f (t + τ ). The corresponding derivation D = ∂ t of L σ (k) is admissible by Proposition 9.2 because T is periodic.
We are interested in smooth covariant projective unitary representations (ρ, U , H) of the pair (L σ (K), R). The first step is to determine the relevant group extensions. Note that H 2 (L σ (k) ⋊ ∂t R, R) is isomorphic to H [Wi84, Pi89] . Since the time translation is periodic, it has an eigenvector, so Remark 8.6 applies and the 1-parameter group of automorphisms extends to G c . In combination with Theorem 7.3.A, we now find that equivariant smooth projective unitary representations (ρ, U , H) of (L σ (K) 0 , R) correspond to equivariant smooth unitary representations ( ρ, U, H) of ( G c , R) with ρ(z) = z1 for z ∈ T.
Unfortunately, unlike in the Virasoro case, the extension G c → L σ (K) 0 is nontrivial as a principal T-bundle, which makes its construction less explicit and rather more complicated [KW09] . We therefore turn to part C of Theorem 7.3, which translates the projective unitary representations of the group G c ⋊ ∂t R to regular unitary representations of the more tractable Lie algebra
the completed affine Kac-Moody algebra.
In order to apply Theorem 7.3.C, we need 1-connected Lie groups. Although we can always go to the universal cover of L σ (K) 0 and argue as in Subsection 10.2, the following proposition shows that this is not necessary in the important special case when K is 1-connected. Proof. Since R is contractible, it suffices to consider L σ (K). The evaluation in zero, ev 0 : L σ (K) → K, is a smooth Lie group extension whose image K [σ] is an open subgroup of K, and whose kernel satisfies π 1 (Ker(ev 0 )) ≃ π 2 (K) = {1} [NW09, §3]. It follows that if K is simply connected, then π 1 (K [σ] ) and π 2 (K) are trivial, so that the long homotopy sequence It follows that if K is 1-connected, then smooth equivariant projective unitary representations (ρ, U , H) of (L σ (K), R) correspond to regular unitary representations (π, V ) of the completed affine Kac-Moody algebra L σ (k) at integral level c, that is, with π(1) = c1 for some c ∈ Z.
See [Se81, PS86] for the positive energy representations of G c , and [Ka80, Ka90] for the (corresponding) highest weight representations of g c (in the algebraic context).
